Abstract. The coherent state representation of the Jacobi group G J 1 is indexed with two parameters, µ(= 1 ), describing the part coming from the Heisenberg group, and k, characterizing the positive discrete series representation of SU(1, 1). The Ricci form, the scalar curvature and the geodesics of the Siegel-Jacobi disk D J 1 are investigated. The significance in the language of coherent states of the transform which realizes the fundamental conjecture on the Siegel-Jacobi disk is emphasized. The Berezin kernel, Calabi's diastasis, the Kobayashi embedding, and the Cauchy formula for the Sigel-Jacobi disk are presented.
Introduction
The Jacobi group of index n, G on the Siegel-Jacobi spaces described by coherent states attached to the Siegel-Jacobi group.
In this paper the Hilbert space H is endowed with a scalar product antilinear in the first argument, < λx, y >=λ < x, y >, x, y ∈ H, λ ∈ C \ 0. We denote the imaginary unit √ −1 by i, and the Real and Imaginary part of a complex number by ℜ and respectively ℑ, i.e. we have for z ∈ C, z = ℜz + i ℑz.
Coherent states -an introduction
In order to fix the notation on coherent states [57] , let us consider the triplet (G, π, H), where π is a continuous, unitary, irreducible representation of the Lie group G on the separable complex Hilbert space H.
For X ∈ g, where g is the Lie algebra of the Lie group G, let us define the (unbounded) operator d π(X) on H by d π(X).v := d/d t| t=0 π(exp tX).v, whenever the limit on the right hand side exists. We obtain a representation of the Lie algebra g on the smooth vectors H ∞ of H, the derived representation, and we denote X.v := d π(X).v for X ∈ g, v ∈ H ∞ . Let us now denote by H the isotropy group with Lie subalgebra h of the Lie algebra g. We consider (generalized) coherent states on complex homogeneous manifolds M ∼ = G/H [57] . We consider manifolds M which are CS-orbits, i.e. which admit a holomorphic embedding ι M : M ֒→ P(H ∞ ) [48, 55, 11] . It can be shown [10] that the CS-manifolds are reductive spaces. Let us denote by m the vector space orthogonal to the Lie algebra h of H in g, i.e. we have the vector space decomposition g = h + m. The tangent space to M at o can be identified with m and if exp : g → G is the exponential mapping, then G/H = exp(m), see definition at p. 104 in [40] and the Appendix.
We can introduce the normalized (unnormalized) vectors e x (respectively, e z ) defined on G/H (2.1) e x = exp(
φ )e 0 , e z = exp(
where e 0 is the extremal weight vector of the representation π, ∆ + are the positive roots of the Lie algebra g of G, and X φ , φ ∈ ∆, are the generators. X + φ (X − φ ) corresponds to the positive (respectively, negative) generators. See details in [57, 11] .
Let us denote by F C the change of variables x → z in formula (2.1) such that (2.2) e x =ẽ z ,ẽ z := (e z , e z ) − 1 2 e z , z = F C(x).
The reason for calling the transform (2.2) F C (fundamental conjecture) is explained later, see Proposition 3.
The coherent vector mapping ϕ is defined locally, on a coordinate neighborhood V 0 (cf. [10, 11] 
The positive real function
, is the Bergman kernel, expressed as the scalar product of coherent states based on the Kähler homoge-
, and the G-invariant Kähler two-form ω on the 2n-dimensional manifold M = G/H with Kähler potential
is given by
The hermitian (Bergman) metric of M in local coordinates is
and the condition of the metric to be a Kählerian one is (cf. (6) p. 156 in [45] ) (2.10)
If {ϕ n (z)} n=1,... is an orthonormal base of functions of F H and
then the Bergman kernel admits the series expansion (2.12)
For compact manifolds M, F H is finite dimensional and also the sum (2.12) is finite. Let us introduce the map Φ :
where we have identified the space H complex conjugate to H with the dual space H ⋆ of H. (2.4) is nothing else but Parseval overcompletness identity [22] (2.14)
The relation (2.4) can be interpreted in the language of geometric quantization [46] . Together with the Kähler manifold (M, ω), we also consider the triple σ = (L, h, ∇), where L is a holomorphic line bundle on M, h is the hermitian metric on L and ∇ is a connection compatible with metric and the Kähler structure [9] . With respect to a local holomorphic frame for the line bundle, the metric can be given as
whereŝ i is a local representing function for the section s i , i = 1, 2, andĥ(z) = (e z , e z ) −1 . (2.4) is the local representation of the scalar product on the line bundle σ. The connection ∇ has the expression ∇ = ∂ + ∂ lnĥ +∂. The curvature of L is defined as
, and locally F =∂∂ lnĥ [31] . The Kähler manifold (M, ω) is quantizable if there exists a triple σ such that F (X, Y ) = − i ω(X, Y ) and we have (2.8) .
The square of the length of a vector X ∈ C n , measured in this metric at the point
If the length l of a piecewise
We denote the "normalized" Bergman kernel by
Introducing in the above definition the series expansion (2.12), with the CauchySchwartz inequality, we have that
In this paper by the Berezin kernel
3. The coherent states -a bridge between quantum mechanics and geometry
In [4] we have advanced the proposal of a program of investigation of the deep relationship between coherent states and the geometry of the manifolds on which the coherent states are defined. We have investigated how the coherent states permit to find: 1) the geodesics; 2) the conjugate locus; 3) the cut locus; 4) the divisors; 5) the Calabi's diastasis. Also, we wanted to find a geometric meaning of transition amplitudes and of different distances and angles in quantum mechanics for coherent states. The obtained results are established for very particular manifolds, mostly on hermitian symmetric spaces [4] - [8] . Our favorite example was the complex Grassmann manifold and its noncompact dual [6] .
In [4, 5, 7, 8] we have proved that 
The elliptic Cayley distance [30] between two points in the projective Hilbert space P(H) is defined as
The Fubini-Study metric (3.1) and the Cayley distance (3.2) are independent of the homogeneous coordinates z representing [z] = ξ(z). Calabi's diastasis [28] , in the context of coherent states as used by Cahen, Gutt and Rawnsley [27] , reads:
Let M be a homogeneous Kähler manifold M = G/H to which we associate the Hilbert space of functions F H with respect to the scalar product (2.4).
We can make the following assertions Remark 2. Let us suppose that the Kähler manifold M admits a holomorphic embedding
The Hermitian metric (2.9) on M is the pullback of the Fubini-Study metric (3.1) via the embedding (3.4), i.e.:
The angle defined by the normalized Bergman kernel (2.15) can be expressed via the embedding (3.4) as function of the Cayley distance (3.2)
We have also the relation
The following (Cauchy) formula is true
The Berezin kernel (2.16) admits the geometric interpretation via the Cayley distance as
Proof. The assertion (3.5) is known from [43] . We introduce in the expression (3.1) of the Fubini-Study hermitian metric on CP ∞ the change of coordinates realized by the embedding ι M (3.4) and we get
But the Bergman kernel K admits the expansion (2.12)
and we write down (3.10) in the coordinates z of the manifold M as
In the above expression we take into account (2.6), i.e. K = e f , which implies
(3.12)
Now we introduce the expressions (3.12) into (3.11) and we get
i.e. (3.5). The formulas (3.6), (3.8) are proved in [4] , [5] , [8] . The inequality (3.7) is proved in [25] , [51] .
4. Coherent states on the Siegel-Jacobi disk 4.1. The generators of the Lie algebra g
The Heisenberg group is the group with the 3-dimensional real Lie algebra isomorphic to the Heisenberg algebra
where a † (a) are the boson creation (respectively, annihilation) operators which verify the canonical commutation relations (4.4a).
Let us also consider the Lie algebra of the group SU(1, 1):
where the generators K 0,+,− verify the standard commutation relations (4.4b). Now let us define the Jacobi algebra as the the semi-direct sum [12] (4.3) g
Remark 3. The Jacobi groups are unimodular, non-reductive, algebraic groups of Harish -Chandra type. The Siegel-Jacobi domains are reductive, non-symmetric manifolds associated to the Jacobi groups by the generalized Harish-Chandra embedding.
Formulas for the Heisenberg group H
has the composition property
The coherent states associated to the Heisenberg group H 1 are defined on the homogeneous space C = H 1 /R taking in (2.2) as e 0 the vacuum e 
µ|α| 2 e α , e α := e √ µαa † e 0 , a particular case of the relation
Equation (4.7) corresponds to the projective representation of the parallel transport in the Hilbert space F µ with scalar product (4.12); see equation (4.17) in [20] , or equation (107) in [29] ; see p. 47 in [37] . For the Fock representation
of the Heisenberg algebra (4.1) we have to take d β µ (1) = i µ, and
where µ = 2πm, m ∈ R. In [12] we have taken µ = 1. The orthonormal base of n-vectors consists of the vectors
Perelomov's CS-vectors associated to the Heisenberg group, defined on
The corresponding holomorphic functions associated to (4.9) are (see e.g. formula (4.3) in [20] , or Theorem 3.4 in [39] , or equation (112) in [29] ; Bargmann took µ = 1 in equation (1.6) in [3] as we took in our previous publication [12] ):
where the vector e z is given by (4.9), while the function f |n> (z) is given by (4.10). The homogeneous space
The scalar product (2.4) on the Segal-Bargmann-Fock space
Note that Remark 4. Under the differential realization on F µ of the creation and annihilation operators
the operators a and a † are hermitian conjugate with respect to the scalar product (4.12). The standard realization
of the position and momentum operators, where
corresponds to the choice of µ in (4.11), (4.12) and λ in (4.15) as
Proof. It easy to verify that in the realization (4.13), we have
Following Bargmann [3] , who considered the case µ = 1, we shall find the kernel B which determines the (Bargmann) transform B :
If in (4.18) we introduce (4.15), (4.14), we get for the kernel B of the Bargmann transform the system of differential equations The value of B 0 in (4.20) was fixed choosing the normalization constant such that
Note also that the normalized solution in H of the equations aϕ 0 = 0 is ϕ 0 (q) = (2π )
from where we obtain the values of the n-particle vectors (4.8) in H. Proof. Indeed, we have to verify that w(t) = z |z| tanh (t|z|) verifies the equation of geodesics on Siegel disk D 1 , G 2 = 0, where G 2 is given in (5.33b) below. The fact that that D 1 is a symmetric space is evident from the structure of the algebra su(1, 1) given in (4.4b) which admits a decomposition of the type (6.1a) with property (6.2).
In order to construct coherent states associated to SU(1, 1) defined on the Siegel disk D 1 = SU(1, 1)/U(1), in formula (2.2) we take e 0 = e 
The reproducing kernel K k :
where the vector e z is given by (4.23), while the function f e k,k+m (z) is given by (4.24). The Siegel disk D 1 has the Kähler two-form ω k The action (4.26) is transitive, and the Siegel disk D 1 is a homogeneous manifold. As was already mentioned in the proof of Remark 5, D 1 is symmetric: the solution g ∈ SU(1, 1) of the equation σ : D 1 ∋ w → −w ∈ D 1 is g in (4.26) with a = ±1, b = 0. Then σ 2 = 1, and 0 is an isolated fixed point of σ. By homogeneity, it can be shown that for ∀w ∈ D 1 , there exists a σ w such that σ 2 w = 1, and w is an isolated fixed point of σ w .
The scalar product (2.4) on
In order to prove Proposition 1, we recall [12]
Remark 6. Let g ∈ SU(1, 1) has the form (4.26).
The following relations hold:
The differential action.
We shall suppose that we know the derived representation dπ of the Lie algebra g J 1 of the Jacobi group G J 1 . We associate to the generators a, a † of the Heisenberg group and to the generators K 0,+,− of the group SU(1, 1) the operators a, a † , respectively K 0,+,− , where (a
We take in the definition (2.2) e 0 = e e z,w := e √ µza † +wK + e 0 , z ∈ C, |w| < 1.
The general scheme [11] associates to elements of the Lie algebra g holomorphic first order differential operators: X ∈ g → X ∈ D 1 . The space of functions on which these operators act in the case of the Jacobi group will be made precise later, see (5.1).
The following lemma expresses the differential action of the generators of the Jacobi algebra as operators of the type A 1 , i.e. first order holomorphic differential operators with polynomial coefficients in the variables (w, z) on D J 1 , see [12] : Lemma 1. The differential action of the generators (4.3) of the Jacobi algebra g J 1 is given by the formulas:
where z ∈ C, |w| < 1.
4.5.
The Jacobi group G J 1 . Following [12] , let us introduce the normalized coherent state vectors of the type (2.1), based on the Siegel-Jacobi disk (4.34) e α,w := D µ (α)S k (w)e 0 ; α ∈ C, w ∈ C, |w| < 1.
We find [12] is a F C-transform in the sense of (2.2) for coherent states defined on the Siegel-Jacobi disk D (4.37)
In particular, the kernel on diagonal, K kµ (z,w) = (ez ,w , ez ,w ), reads
,
The holomorphic, transitive and effective action of the Jacobi group G J 1 on the manifold D J 1 (4.31) can be seen from the Proposition 1, proved in [12] in the case µ = 1: Proposition 1. Let us consider the action S k (g)D µ (α)e z,w , where g ∈ SU(1, 1) has the form (4.26), D µ (α) is given by (4.5), and the coherent state vector e z,w is defined in (4.32). Then we have the formula (4.39) and the relations (4.40), (4.41):
If we consider the representation T kµ (g, α, t) = S k (g)β µ (α, t) of the Jacobi group G J 1 , then T kµ (g, α, t)e z,w = λe i µt e z 1 ,w 1 .
5.
Geometry on the Siegel-Jacobi disk 5.1. The symmetric Fock space. In accord with the general scheme of §2, the scalar product (2.14) of functions from the space
, ρ kµ ) corresponding to the kernel K kµ defined by (4.38) on the manifold (4.31) is: .
where the value of the G
is obtained in (5.19) . Note that the value of the normalization constant in (5.1) is the same as in the case µ = 1, i.e. 
consists of the holomorphic polynomials
where the monomials f e k ′ ,k ′ +m are defined in (4.24), while
The series expansion (2.12) of the reproducing kernel (4.37) reads
5.2. Two-forms. We follow further the general prescription of §2. We calculate the Kähler potential on D J 1 as the logarithm of the reproducing kernel f := ln K kµ , i.e.
(5.8)
The Kähler two-form ω is obtained with formulas (2.7), (2.8), i.e.
(5.9)
The volume form is:
With the Kähler potential (5.8), we get the metric coefficients in (5.9)
, where η was defined previously in (4.35).
If we introduce the notation 
For the determinant G (5.12) for the Siegel-Jacobi disk we find (5.14)
The scalar curvature at a point p ∈ M of coordinates z is (see p. 294 in [44] )
Following [50] , let us introduce also the positive definite (1,1)-
which is Kähler, with Kähler potentialf = ln(K(z) n+1 G(z)). With 
The hermitian metric on G J 1 corresponding to the Kähler two-form (5.17) is
The volume form (5.10) is:
The Kähler two-form (5.16) for D J 1 , corresponding to the Kähler potential
The Ricci form (5.13) is
and D J 1 is not an Einstein manifold with respect to the metric (5.18). The scalar curvature (5.15) has the value
We emphasize that result (5.22) was previously obtained in [69] . Now we introduce in the expression of the one-form A in (5.17) the F C-transform (4.36), z = η − wη, so A = d η − w dη, and then A ∧Ā = P d η ∧ dη. We underline the significance of the change of coordinates F C which realizes the fundamental conjecture for the Siegel-Jacobi disk, proved in Proposition 3.1 in [18] : Proposition 3. The F C-transform (4.36), F C(η, w) = (z, w), which appears in Lemma 2, z = η − wη, is a homogeneous Kähler diffeomorphism, i.e. F C * ω kµ (z, w) = ω kµ (η, w), where
The Kähler two-form (5.23) is invariant to the action of G 
d s 2 (z,z) from (2.9) gives the hermitian metric of M in local coordinates, while the fact the metric is Kählerian imposes the restrictions (2.10). The non-zero Christoffel's symbols Γ are determined by the equations (cf. (12) 
and we can formulate Remark 7. The equations of geodesics on the Siegel-Jacobi corresponding to metric defined by ω kµ (5.17) are
The above equations were written in the case µ = 1 in [12] . Now we discuss the solution of the system (5. 1 is given by z = η 0 −η 0 w(t), and w = w(t) with w(t) given by (5.34), and η = η 0 independent of t. This particular solution has been noted already in [18] in the case µ = 1. This is a particular case of the solution η = η 0 + tη 1 of equation of geodesics 
5.4.
Embeddings. We recall that the homogeneous Kähler manifolds M = G/H which admit an embedding of the type given by Remark 2 are called coherent type manifolds, and the groups G are called coherent-state type groups [48, 55] . We particularize Remark 2 in the case of the Siegel-Jacobi disk and we have 
. The normalized Bergman kernel (2.15) of the Siegel-Jacobi disk κ kµ expressed in the variables ζ = (z, w), 
where b k (w, w ′ ) = |κ k (w,w ′ )| 2 . With formula (5.7), we get for the diastasis function on the Siegel-Jacobi disk the expression:
− ℜF (ζ,ζ ′ )].
Appendix
We recall some definitions from differential geometry of notions used in the paper. We recall that an analytic Riemannian manifold is called Riemannian globally symmetric if each p ∈ M is an isolated fixed point of an involutive isometry s p of M, see p. 205 in [40] . We recall that if the Lie algebra g and its subalgebra h associated with the homogeneous manifold M = G/H satisfy (6.1), then a necessary and sufficient condition for M to be a locally symmetric space is (6.2) [
If M is a complete, simply connected Riemannian locally symmetric space, then M is a Riemannian globally symmetric space (cf. Theorem 5.6 p 232 in [40] ). Let Exp p : M p → M be the geodesic exponential map from the tangent space M p at p ∈ M to M (cf. definition at p. 33 in [40] ), and also let exp : g → G be the exponential map from the Lie algebra g to the Lie group G. We also recall that the symmetric spaces have the property that Exp p (m)= exp p (m), i.e. the exponential exp p from the Lie algebra to the Lie group at p gives geodesics such that lines in the tangent space are geodesics in the manifold emerging from the point p. More exactly, if σ is the projection σ : G → G/H, such that o = σ(e), where e is the unit element in the group G, then for symmetric spaces σ(exp X) = Exp(d σX), X ∈ m, cf. Theorem 3.3 p 212 in [40] .
We also have been used in Remark 8 the notion of geodesic mapping (cf. Definition 5.1 p. 127 in [53] ) Definition 2. If f : M → N is a diffeomorphism between manifolds with affine connections, then f is called a geodesic mapping if it maps geodesic curves on M into geodesic curves on N.
